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The topological Uhlmann phase characterizes mixed state systems unable to be described using
the standard Berry phase. We show measurement of this observable in a topological insulator sim-
ulated through entangled superconducting qubits using IBM’s Quantum FExperience. The complete
topological phase and environmental information of both state-dependant and and state-independent
mixed states, normally inaccessible, are shown to be extracted through use of ancilla states. The
procedures outlined are extendable to more complex topological and interacting systems with a large

number of energy bands.

I. Introduction

Topological phase has become a subject of great the-
oretical and experimental interest in its application to
recent breakthroughs in condensed matter physics (eg.
the TKNN invariant characterization of Hall conductance
[1]). The notions of Berry phase and Berry curvature
are intrinsically related to the topological invariants of
such systems, and have been crucial in understanding
the properties of topological insulators (TIs) supercon-
ductors (TSCs), quantum hall states, and other topo-
logical phenomena [2-4]. These topological systems are
important to study for the continued development of a
modern understanding of condensed matter systems and
their ability to form the basis of novel quantum com-
puting architectures [5-7]. Berry phase, and other topo-
logical phase classifications, are strictly geometric and
therefore independent of dynamical phase contributions
and path disturbance throughout the evolution of a given
quantum state. The topological character of such geo-
metric phase, combined with the exotic band structure
of TTs, TSCs, and other condensed matter systems, are
what enable the non-local encoding of quantum infor-
mation which has potential for use in scalable quantum
computing [7].

Berry phase as an observable quantity, however, is only
applicable to pure state systems unaffected by environ-
mental noise, a rare condition for TIs and TSCs where,
for example, thermal fluctuations are almost guaranteed
to be present. The first solution to model topological
phase for mixed states was proposed by Uhlmann in 1986
and soon followed by further theoretical development on
his part [8, 9]. His original elucidation was quite math-
ematically rigorous, however, the formulation remains
an elegant and natural extension of the gauge invariant
Berry phase. Recently, Uhlmann phase has been applied
to 1D and 2D dimensional exotic condensed matter sys-
tems (eg: Majorana Chains, 2D TSCs, Haldane Model)
[10-12], however, it was only in 2018, that Viyuela, et al.
experimentally measured this phase using superconduct-
ing qubits [13]. In this work we emulate this achievement.

Our results demonstrate the measurement of the Uh-
mann phase, simulated using superconducting qubits, for

a range of mixed states. We display the phase diagram
for when the initial mixed state is known (state depen-
dent) as well as when the initial state is unknown (state
independent). Both cases reveal a clear transition of the
topological phase from 7 to 0 as the mixedness of the
state increases, which can be physically interpreted as
the exceeding of a critical temperature or environmental
noise limit. Our results display simulation of the AIII TIs
class, specifically those with chiral symmetry, in the pres-
ence of external noise. The protocol used can be trans-
lated for measuring topological phase (of mixed states)
of 2D TIs, TSCs, and interacting systems with proper
modification.

II. Theoretical Proof of Concept

The Uhlmann phase is defined such that the mixed state
becomes a subspace of an enlarged pure state using stan-
dard purification techniques. The U(n)-gauge freedom (n
being the dimension of the Hilbert Space) of the Uhlmann
phase can be seen as a generalization of the U(1) freedom
of the Berry phase in which |¢) and e'® |+)) represent the
same physical state (see Figure 1). This freedom comes
from defining the construction of an arbitrary density

u(1) Ufn)

cid)n{

1 ]
Uhlmann

Berry

FIG. 1. Comparison between Berry and Uhlmann
Holonomies. In the Berry approach, valid for pure states,
after a closed loop on the space O, the final state accumu-
lates a phase @5 with respect to the initial state vector. In
the Uhlmann approach, formulated for mixed states, the ini-
tial and final state differ by a unitary matrix given by Pef 4.
Figure from Viyuela, et al., 2014 [10].
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FIG. 2. Circuit diagram from IBM Quantum Ezperience for the measurement of the topological Uhlmann Phase, specifically
(0z), for the mixed state r = .15. All rotations are around the y axis, with the first R, on q[1] = 2arccos(y/1 —r) = 0.7954,

the second R, on q[1] = 7, and the third R, on q[2] = 27/r(1 — 7).

matrix p using amplitudes w which form a Hilbert space
H., such that

p=wal, (1)

with the Hibert-Schmidt product <w;r, wg) = T7"(w;r Wwg).

The U(n) gauge-freedom is result of the fact that by
definition w and wU are amplitudes of the same state.
By the polar decomposition theorem, the amplitudes of
some density matrix p are parametrized as /wU and
po= 22,05 ) (o5l with w =% /pj|4;) (1| U, from
the spectral theorem. The purification works using the
following isomorphism between the aforementioned space

H,p and H Q@ H: wzzj\/ZTj|1/’j><wj‘U < |w)y =

> VP [¥5) @ U |ih;). The density matrix p = ww! in
the purification space can be traced out as

p = Try(|w)(wl). (2)

T'ro represents the partial trace over the second Hilbert
space of H ® H, from which it is clear the unitary (U)
component of the amplitude is arbitrary. It is evident
that any amplitude w of some density matrix p can be
transformed to a pure state |w) of an enlarged space with
the partial trace equal to p. As seen in Fig. 1, the Berry
phase of some state [¢)) after completing a closed tra-
jectory on some space Q can be written e‘®5 [¢) with
(I)B = fAB and AB = izﬂ <¢k|8/8kﬂ¢k> dk‘# de-
fined as the Berry connection form. Analogous to the
pure state transformation, Uhlmann defines a parallel
transport condition such that after the state completes
a closed path, the initial and final amplitudes differ by
some unitary transformation V, such that wy) = wcr) V.

The parallel transport is satisfied with V := Pef 4v U,;
where P is the path ordering operator (which is in the 1D
TT case is abelian and therefore trivial), Ay the Uhlmann
connection, and Uy the gauge from t = 0. The paral-
lel transport condition requires that V is constructed so
that the distance between two infinitesimally close pu-
rifications, ||[¢)(t+ar)) — [¥()) [|?, reaches its minimum
value, satisfied with V as defined above. With this sat-
isfied, an explicit formula of Ay, in the spectral basis of
po = >_; Py [¥p) (Ypl, (note: we are still indexing over
j, but have introduced 6 as a parameter of path taken;
0 maps the crystalline momentum in condensed matter
systems), is given by Hiibner [14] as:
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= X iy GO 4

with 0(t)|L, defining a trajectory along possible single
qubit density matrices parametrized by 6. The density
matrix of the two-band TI of the AIII chiral-unity class
[15] is defined

po = (1 —7)00) (Og| +7]1g) (16|, (4)

__ L T
|00> - 1 +92(9,M) (l,g(avM)) ) (5)
o) = ————(4(0,M),-1)F,  (6)

V1+g%(0,M)

where r is the degree of mixedness between ground and
excited state and M is the hopping amplitude for which
the system is only topological with M < 1. Simplifying
(3) using (4) gives,

Ay = [(1=pr) (16]05009) |0g) (1o|+(1=pr) (0s]0a1e) |0g) (1]]d0,

(7)
where p, = 24/r(1 —7). The differential inner prod-
ucts correspond to the winding vector and the simplified
equation for the Uhlmann connection yields,

. dgn3
Ay(0) = —i(1 — pr);—"jayde, (8)
ny

where njis the ith component of the winding vector.
Plugging (6) into into the Uhlmann unitary V4 and
computing the Uhlmann phase with M < 1 and crit-
ical topological transition temperatures of r,y = i(2 -

V/3) &~ 0.067 and 7.2 = 1 —r. &~ .93, results in
Py = arg[(Vo=o|Wo=1)] = argTr[peo)Va] =
arg {—005(277\/7"(1 - 7‘))} .

III. Experimental Measurement

Measurement of the Uhlmann phase is a challenging
problem, as a requirement of the purification is precise
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FIG. 3. In all figures the mixedness parameter (r) vs. Uhlmann phase (®y) is displayed with the red function indication the
theoretical value of the topological phase. (a) displays the results for the state dependent protocol at 7.1, (b) displays the
results for the state dependent protocol at 7.2, (c) displays results for the state independent protocol at r.; for a larger range

of r.

control of the environmental (or ancilla) degrees of free-
dom. To measure the phase in our superconducting qubit
simulation we use an ancilla qubit (q2), representing the
environment, and a probe qubit (q0) to extract the phase
using standard interferometric techniques. The circuit
design as displayed in IBMS’s Qiskit is shown in Fig. 2.
Initialization: The mixedness parameter of the state
is initialized with a R, rotation 2arccos(y/1 —r)) and a
controlled not gate, resulting in the state [1y()) ® |0g).
Adiabatic Unitary Transport: Next, we entangle
the probe qubit with the system and ancilla qubits using
two sets of controlled not operations, from probe to an-
cilla and system, with intermediary R, rotations of the
system and ancilla by B1, (o respectively. The values
of 51 and (o are determined by Ay and p,. To satisfy
the parallel transport condition, in the state-dependent
protocol, 81 = m and fo = p.B1 with p, = p,.. In

the state-independent protocol, 8 = ft Ay, for a non-
trivial path parameter t, and By = —arctan(ﬁ), with
M, t = .6 [13].

Trace out/Read out: After the holonomic evolution,
the qubits S, A, P are in the superposition state

1
V2

Tracing out the system and ancilla from (11) gives,

Wsap) = —=([Y90)) @10)p + [Yocr)) @ [1)p). (10)

1
pp = 5 (Re((Wo)[bor)) 0z) + Im((Woq)[bocr)))oy)-
(11)
Therefore, from the Probe qubit, we can measure &y as

i(y)}

The experimental results of these measurements for the
state dependent and independent protocols are shown
in Fig. 3. The circuit was carried out using IBM’s
QASM controlling three transmon qubits coupled using
co-planar waveguide resonators. We specifically used the
imbg-rome quantum computer which was measured on

by = arg {{o,) — (12)

the day of use to have relaxation and decoherence times:
T1(q0, ql, q2) = (71.1,,,97.4,,73.6,.5) and T2(q0, g1,
q2) = (66.9,s,57.8,5,89.3,5). The critical topological
transitions at r.; and r.o are clearly visible regardless of
state dependence/independence.

IV. Conclusion and Future Applications

The results displayed in Fig. 3 closely follow theoretical
predictions for the Uhlmann phase as well as Viyuela, et
al.’s results. Although there are deviations from the theo-
retical prediction, evident near critical r values and in the
state independent protocol’s magnitude, these deviations
can be explained though faulty initialization, gate errors,
spontaneous emission, relaxation times, and dephasing.
Even with experimental error, the topological transition
is clearly seen for all three graphs displayed in Fig. 3.
Compared with the Viyuela, et al. group, our measure-
ments are consistently similar, however, theirs display a
flatter trend away from the critical values. An explana-
tion for this difference is their introduction of an offset
term in the case of the state independent protocol [13],
and use of tighter error metrics derived from IBMQ error
quantities. These corrections and dynamic decoupling
techniques could all be incorporated in successive exper-
iments for greater accuracy. The results used standard
binomial distribution error for error bars which ended up
so small they are not visible, however, Viyuela’s results
show an increase in error in the state independent result
in their use of a different error metric. In general, let
it be noted this simulation assumes one ancilla properly
encodes the mixedness of a state and environment.

Looking forward, similar experimental results can be
derived for condensed matter systems with higher dimen-
sion, complex band structures, and interacting compo-
nents using novel Berry and Uhlmann techniques [12, 16]
that are inaccessible classically. This quantum explo-
ration of condensed matter physics hearkens to NISQ era
use of quantum computers to realize Feynman’s original
computational dream of using quantum systems to fur-
ther our knowledge of matter itself.
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